We consider the heat conduction equation
Introduction
In this paper, we determine the critical exponents concerned with following However, the last assumption is not a real requirement for deriving our results. What we want to show is that even for the initial datum u 0 (x) vanishing except for a small ball, the solutions may still blow up in a finite time. The particular feature of the equation in (1.1) is their gradient-dependent diffusivity. Such equations appear in different models in heat transfer process, non-Newtonian fluids or certain diffusion.
The study of critical exponents was begun in 1966 by Fujita in [3] , where the author investigated the critical exponent of the Cauchy problem for some semilinear equation. From then on, many similar results were established for different nonlinear evolution equations; see the survey papers [1, 6] and the reference therein. Among those, [1, 4, [7] [8] [9] [11] [12] [13] are concerned with the equations with nonlinear boundary flux.
In particular, Galaktionov and Levine [4] studied the porous media equati- 2) and the heat conduction equation with gradient dependent diffusion respectively. In [9] , Huang, Yin and Wang extended (
( . However, the critical exponents of (1.3) in multi-dimension is still unknown. The main purpose of this work is to complete this work. Thus this paper can be thought of as a natural continuation of [4] and it is shown in this work that the critical global exponent p 0 = 
Main results and their proofs
The main results of the work are the following four theorems. We first state the global existence case.
Proof. Set
with T > 0 and f (ξ) satisfying
By the fixed point theorem, it may be shown that there exists a unique nonnegative and nontrivial solution of the problem (2.2) and the solution has compact support. Choose T > 0 sufficiently large that u(
is a supersolution of the problem (1.1) and the comparison principle implies that u( Proof. We shall seek a global super-solution of the self-similar form
where
with constant T > 0 and A is constant to be determined. A direct calculation shows that u(x, t) is a supersolution of the problem (1.1) with small initial data u 0 , if for η ∈ {η > 0|g(η) ≥ 0}, the function g(η) satisfies
We claim that the problem (2.4) and (2.5) admits a solution of the form 6) where B = (
m−1 and C > 0 is constant to be determined. Noting
.
We see that (2.4) is valid if
−ηg (η)(
Thus (2.4) is valid. One can see that (2.5) holds if
Setting c = αh, α ≥ 1, by choose h small enough, we have
which implies that (2.7) is valid. Thus, for the case p > p c , we have constructed a class of global supersolutions given by (2.3) and (2.6). Owing to the comparison principle, the solution u of the problem (1.1) is global if the initial datum u 0 is small enough. Now we consider the blow-up case.
Theorem 1.3 If p > p c , then the solution of the problem (1.1) with appropriately large initial data blows up in a finite time.
Proof. Take
u(x, t) = (T − t)
where T > 0 is a given constant. We see that if for η ∈ {η > 0|ψ(η) ≥ 0}, ψ(η) satisfies
and
then u(x, t) is a subsolution of the problem (1.1) with appropriately large u 0 . We claim that the problem (2.9) and (2.10) admit a solution of the form (2.9) , by a direct calculation we get
Substitution those into (2.9) and multiplying (2.9) by (a−η)
If we choose A large enough, the above inequality reduces to show
We observe that (2.12) holds if
Notice that λ 1 > 0 implies lim η→∞ = +∞. Now, we consider the the cubic equation x 3 + βx + γ = 0. There exist three
We can see that the cubic equation has one real roots and two conjugate complex roots if Q > 0. Letting a = ρb, ρ > 1, we want to show that if ρ → 1 + , (2.12) holds. We know that when ρ → 1 + , the equation Y (η) = 0 has one real roots and two conjugate complex roots. We only need to show that if Proof. Take
with C > 0. We verify that for η ∈ {η > 0|φ(η) . Therefore there exist t * ≥ t 0 and T large enough that (2.16) and (2.17) are both valid. Thus u(x, t * ) ≥ u B (x, t * ) ≥ u(x, 0), x ∈ R N + , which with the comparison principle that u(x, t) blows up in a finite time.
